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A class of black (D − 4)-brane solutions of axi-dilaton gravity in D dimensions is given in the
Brans-Dicke frame for arbitrary values of the Brans-Dicke constant ω and an axion-dilaton coupling
parameter k. The mass and the dilaton and axion charges are determined and a BPS bound is
derived. It is noted that there exists a subclass of solutions in the scale invariant limit.
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I. INTRODUCTION
The scalar-tensor theory of gravity due to Brans and Dicke [1,2] is still considered among the most viable alternatives
to Einstein’s classical theory of gravity. In this approach there is an additional real parameter ! characterising the
gravitational eects of a real scalar eld in such a way that predictions of the theory for large values of ! are
indistinguihable from those of Einstein’s theory. It is customary to relate Newton’s universal gravitational constant
to a constant value of the Brans-Dicke scalar. Thus the scalar eld may be regarded as a variable gravitational
coupling [3,4]. This point of view allows a re-interpretation of ! as a measure of conformal scale invariance breaking;
scale invariance being attained for ! = − 32 in D = 4 dimensions. It is well known [5] that the SL(2; C) gauge invariant
formulation of scalar-tensor theories of gravity provides a concise description of the conformal re-scaling properties
of gravitational elds in terms of a scale invariant connection with torsion. An explicit contact with the conventional
formulation of the Brans-Dicke theory can be made by relating this connection to the unique torsion-free connection
and by shifting ! in a suitable way. A further reformulation of the theory in terms of scale invariant co-frames brings
the Brans-Dicke theory action into the so-called Einstein frame, which simply amounts to writing the action for the
Einstein-massless scalar eld theory [4,5]. There is a widely accepted view that the Einstein frame would be the
most natural choice for a perturbative description of quantum gravity; while the choice of the Brans-Dicke frame is
convenient for studying the eects of conformal rescalings of the gravitational elds. (A recent discussion may be
found in Ref. [6].)
The string theories are much investigated in recent years with the hope of nding a consistent theory of quantum
gravity. Their probable observational consequences can be conveniently studied in a low energy limit in which the
radius R of closed strings tends to zero. In such a limit the lowest order massless string excitation modes can
be approximated by an eective point particle quantum eld theory in a D = 10 dimensional space-time. It has
been conjectured that all superstring theories together with the eleven dimensional supergravity theory belong to an
hypothetical eleven dimensional M-theory. Within this framework, string theories are supposed to be related to one
another through various types of dualities [7]. Classically, M-theory might be considered the same as N = 1, D = 11
supergravity theory. Then, by a simple Kaluza-Klein reduction, N = 2 non-chiral supergravity action of type IIA
string theory in D = 10 dimensions will be obtained [8]. Thus it may be concluded that M-theory would reduce to a
type IIA string theory as the string radius tends to zero. As such this string theory contains a gravitational sector
consisting of the space-time metric tensor g, dilaton scalar eld  and an axion potential p-form A. Remembering
that dualities among various string theories would require other extended objects called the p-branes, these are to
be included in supergravity theories. The gravitational sector of the corresponding low energy eective eld theories
may be obtained from a supergravity action. We will call such an eective p-brane theory, axi-dilaton gravity [9,10].
Just as the electromagnetic potential 1-form naturally couples to the worldline of a charged point particle, the axion
potential (p + 1)-form A couples to the worldvolume of a p dimensional extended object. As such p-branes can carry





Black holes are extensively studied in the literature of string theories [11{16]. There is a scale at which the size of
a string can be related to the gravitational constant G and the string coupling constant: G = g2l2string. We may set
the mass of a black hole equal to the string mass at the string limit where length of the string can be xed at Planck
length provided we consider a varying string coupling constant. Classically, string mass is related with the string
tension. Such a correspondence can also be set for other extended objects such as membranes and p-branes. In these
cases , we consider the tension of the p-brane and equate the mass of the brane with the mass of the corresponding
black hole. It is believed that classical black hole solutions of these theories carry information about the quantum
structure of these objects.
In the following we will be discussing the conformal re-scaling properties of a class of (magnetic) black (D−4)-brane
solutions of axi-dilaton gravity in D-dimensions. The action is written in the Brans-Dicke frame [17,18] in which the
scalar eld couples to an (D − 2)-form axion eld. We consider a k coupling of the dilaton to the axion eld such
that the choice k = 0 in D = 4 dimensions would correspond to the coupled Brans-Dicke-Maxwell system. When
we make a conformal scale transformation on the action in Brans-Dicke frame and related eld equations, we obtain
an action similar to the customary low energy string action and eld equations in the Einstein frame which admit
static, rotationally symmetric solutions. These were rst found by Gibbons and Maeda [12] and further elaborated
on by Horowitz and Strominger [14] in D = 10 dimensions. We give explicitly the magnetic (D − 4)-brane solutions
in the Brans-Dicke frame for arbitrary values of the coupling parameters ! and k. ( The corresponding electric brane
solutions may be obtained from the magnetic brane solutions by a simple duality transformation.) We found an
independent class of solutions to the conformally scale invariant theory. Throughout the work we use the exterior
algebra notation.
II. AXI-DILATON GRAVITY IN D-DIMENSIONS
The dynamics of the axi-dilaton gravity will be determined by a variational principle from the action I[e; !; ; A] =R L where the Lagrangian density D-form is taken in the Brans-Dicke frame as
L = 
2
Rab ^ (ea ^ eb)− !2d ^ d−
k
2
H ^ H : (2.1)
Here the basic gravitational eld variables are the co-frame 1-forms ea , in terms of which the space-time metric
g = abea ⊗ eb where ab = diag(− + + + : : :). The Hodge  map is dened so that the oriented volume form
1 = e0 ^ e1 ^ : : : en: The metric compatible, torsion-free connection 1-forms !ab are obtained from the Cartan
structure equations
dea + !ab ^ eb = 0; (2.2)





c ^ !c b: (2.3)
 is the dilaton 0-form and H is a (p + 2)-form eld that is derived from the (p + 1)-form axion potential A such
that H = dA. The Brans-Dicke constant ! 6= − nn−1 and k is a real parameter.
The eld equations obtained from this action are
−
2
Rbc ^ (ea ^ eb ^ ec) = !

a[] + ka[H ] + D(a  d) ; (2.4)
~kd  d = 
2
kH ^ H ; (2.5)
d(k H) = 0 ; dH = 0; (2.6)










(aH ^ H + (−1)p−1H ^ a H); (2.8)
respectively. We set  = 2p−(n−3)n−1 + k and
~k = nn−1 + !:
The same action may be rewritten in terms of the (D − p− 2)-form eld
G  k H (2.9)





ea ^ eb− !
2
d ^ d− 
−k
2
G ^ G: (2.10)
Hence given any solution fg; ; Hg of the eld equations derived from (1), we may write down a dual solution fg; ; Gg
to the eld equations derived from (10). This notion of duality generalises the usual electric-magnetic duality in D = 4
source-free electromagnetism.
Finally we wish to point out that the passage to the Einstein frame is achieved by the following conformal re-scaling




~ = ~k1=2 ln 
~H = H: (2.11)





~ea ^ ~eb− 1
2





~) ~H ^ ~ ~H: (2.12)
Given the above information, it is not dicult to compare solutions obtained in the Brans-Dicke frame with those
given in the Einstein frame.
III. BLACK BRANE SOLUTIONS
We will be giving below the most general static, spherically symmetric p = (D − 4) brane solution to the eld
equations (4)-(6). This family of solutions generalise the usual magnetically charged Reissner-Nordstrom black hole
solution in D = 4 to higher dimensions in a natural way. To this end we start with the ansatz
g = −f2(r)dt ⊗ dt + h2(r)dr ⊗ dr + R2(r)dΩn−1 (3.1)
for the metric tensor,
 = (r)
for the dilaton 0-form and
H = g(r)e1 ^ e2 ^ e3::: ^ en−1
for the axion eld (D − 2)-form. We set e0 = f(r)dt and en = h(r)dr. Then the Einstein eld equations reduce to







































































































and the axion eld equation reads
(gRn−1)0 = 0: (3.6)






1− (C2r n−24 1− (C1r n−25
h(r) =





































; 5 = −γ2 (1 +
2







2~k(n− 2) + 2(n− 1) :
Some special cases deserve attention:
i) For Q = 0 and  = const:, we obtain the Tangherlini solution [19] which is the generalisation of the Schwarzschild











dr2 + r2dΩn−1 (3.8)

















The electric dual of this solution was also given by Tangherlini [19].
iii) Finally, for Q = 0 we obtain solutions that generalise the Janis-Newman-Winicour solutions to the Einstein-





















(n− 2) (1− 1
2)
and 1 satises 4(n− 2)rn−20 1 = C; r0 and C being integration constants.
A consideration of the asymptotic behaviour of the elds in Brans-Dicke frame, will allow us to determine a
relationship satised by the mass, dilaton charge and magnetic charge Q. The mass of the black hole is dened to be
2M  lim
r!1 r
n−2(1− f2) = (C2)n−2 + (~γ − γ)(C1)n−2 (3.11)









Finally the magnetic charge can be found from
Q  lim
r!1 r
n−1g = Q: (3.13)
Therefore, by eliminating the integration constants C1 and C2 above we can nd the following relationship between






(γ − ~γ) 
(n− 2)γ + 2M

: (3.14)
From this relationship, we can determine the BPS bound. Since  is a real parameter, we have the following inequality




(n− 2)~k − 
(n− 1) jQj (3.15)
provided
  (n− 2)~k: (3.16)
Finally we would like to note that a conformally scale invariant theory is obtained for the parameter values ! =
− n(n−1) and k = − (n−3)(n−1) . For these parameter values  ! 0 and ~k ! 0 so that a class of solutions to the conformally























where D1 and D2 are constants and  and Q should satisfy
2(n− 2)2(D1D2)n−2 = Q2:
A special case corresponding to the choice D2 = 0 and (D1)n−2 = 2 M was discussed by Quiros [6].
IV. CONCLUSION
We have given the magnetic black (D− 4)-brane solutions of the axi-dilaton gravity in D dimensions in the Brans-
Dicke frame for arbitrary values of the Brans-Dicke constant ! and the axion-dilaton coupling parameter k. The
mass and the dilaton and axion charges are determined and a BPS bound is derived. It is found that in the scale
invariant limit there is a class of black brane solutions. It should be emphasised that such a class can be conveniently
discussed in the Brans-Dicke frame as the passage to Einstein frame requires a xing of scales. We think more detailed
investigations of conformal re-scaling properties of eective p-brane eld theories in various dimensions are worthy of
study.
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